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Résumé :
Ce travail est une étude théorique des propriétés de mouillage d'un uide près d'une paroi solide à
petite éhelle, à l'aide de la théorie de la fontionnelle de la densité. Dans le as d'une interation
attrative entre la paroi et les moléules de uide, un lm liquide apparaît à l'interfae solide/gaz, dont
les aratéristiques peuvent être obtenues en fontion des paramètres mirosopiques du problème. En
partiulier, une transition dans l'épaisseur du lm liquide en fontion du potentiel himique est mise
en évidene. Le as du mouillage partiel est également onsidéré.
Abstrat :
The interation between a uid and a substrate is an important phenomena whih has attrated nume-
rous studies in the past, in partiular in the ontext of wetting [1, 2, 3℄. In the present study, using
density funtional theory we examine the uid density (number of partiles per unit volume) spatial
evolution at a small sale as well as the inuene of the wall potential on the uid density and on the
stati wetting properties of the uid with respet to the substrate. As the wall potential is assumed to
exert a long range attrative fore on the uid partiles, a liquid lm usually forms at the solid surfae
even when the gas is undersaturated. Depending on the external onditions, transitions between two
dierent lm thiknesses an appear. Partiular emphasis is given to the inuene of the short/long
range nature of the wall potential.
Mots lefs : wetting, density funtional theory
1 Problem denition
We onsider a simple uid in ontat with a solid substrate, as depited in gure 1. The uid partiles
interat via a pair potential of Lennard-Jones type. The temperature T and hemial potential µ are
xed. The separation surfae between the uid and the solid is planar and gravity eets are negleted.
The solid indues a potential V (r) whih ats on uid partiles. The equilibrium state of the system,
whih orresponds to the uid inside the open domain D, an be desribed by the uid density n(r)
in number of partiles by unit volume.
In the framework of density funtional theory, a funtional F [n(r)] of the uid density n(r) is intro-
dued. It orresponds to the uid free energy when n(r) is equal to the equilibrium value of the uid
density given the external onditions. A suitable expression for the purposes of the present work is
given by [4℄ :












The two terms in the right hand side of equation (1) reet the ontribution to the free energy of,
respetively, the repulsive part (referene) and the attrative part (perturbation) of the pair interation
potential between uid partiles. The rst one usually orresponds to the short-range omponent of the
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Fig. 1  The system under onsideration is the uid inside the open domain D whose boundary is
depited by a dotted line. Depending on external onditions, two phases, liquid and gas, an oexist.
of the interation potential in two terms is not unique and in the present work, we employ the one
proposed by Barker and Henderson [5℄. Also, we assume that the pair interation potential between
uid partiles is well approximated by the Lennard-Jones potential.
Regarding the rst term on the right hand side of equation (1), an additional approximation, alled







As f(T, n) involves the repulsive part of the interation potential only, it is often approximated by
the bulk loal free energy of a uid made of hard spheres, whih is lose to the Carnahan-Starling
expression :









is the paking fration, d is the hard-sphere diameter, Λ is the thermal de Broglie length and β ≡
1/(k
B
T ) with k
B
the Boltzmann onstant.










It orresponds to the hemial potential of a system for whih the pair interation potential onsists
of the repulsive ontribution only.
2 Numerial proedure
Aording to density funtional theory, the density prole at equilibrium an be onstruted by per-
forming the minimization of the funtional





whose equilibrium value is the grand potential of the system. This leads to the following nonlinear









(r) = µ. (6)
The potential V
ext
is the total external potential ating on the uid partiles of the system. Boun-
dary onditions expressed in terms of the uid density outside D have to be provided as well as the
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Equation (6) is solved using an iterative proedure. The uid domain is split in retangular ells and
the integral term in the equation is omputed using the trapezoidal rule. A Newton sheme is then
employed to solve the nonlinear disretized equation. To speed up the omputation, non-diagonal terms
in the Jaobian are negleted. More details are given in [6℄.
3 Wall potentials
As the present study fouses on the inuene of the substrate on the equilibrium properties of the uid,
we will onsider the following kinds of wall potentials. The rst one mimis a short range potential


















if z > z
w
, (7)



























These two wall potentials have an strong repulsive omponent at small distanes (for z < z
w
). A less



















































The interation uid/solid is rst investigated for a system invariant along the diretions parallel to




is the ritial temperature of the uid and the
hemial potential to some value smaller than µ
sat
, the saturation value of the hemial potential at
T . Note that as µ < µ
sat
, the gas phase is more stable than the liquid phase. An example of density
prole in the uid with these onditions is depited in gure 2 (left side).
Far from the wall (loated at z = 0), the uid density is approximately equal to the gas density n
gas
.
This is onsistent with the value of the hemial potential (µ < µ
sat
). However, for small values of z
i.e. near the wall, we note the presene of a bump, the uid density there being lose to the liquid
density n
liq
for that value of the hemial potential. This bump an be regarded as a liquid lm at the
interfae solid/gas. The lm thikness depends on the value of µ. The proles for two values of µ are






), the spatial extension of the
bump is limited and orresponds to a thin aumulation of uid partiles at the substrate surfae while






), the hemial potential µ is very lose to the saturation
value µ
sat
and the lm thikness is larger. As µ approahes µ
sat
, the lm thikness usually tends to
innity, i.e. it beomes marosopi.
5 Prewetting transition
The variation of the lm thikness (or adsorption Γ) as a funtion of the hemial potential for several
values of the wall potential parameter ǫ
w
is depited in gure 3. For large values of ǫ
w



























Fig. 2  Left  Density proles for µ < µ
sat
at T = 0.7T

near an attrative wall. The wall potential
is V
LJ






= 1.25 d and z
w













. In the former ase, n
liq
d3 ≈ 0.684 whih is
lose to the value of the density for z/d in the interval [3, 17]. Right  Speial values (µ−, µoex and
µ+) of the hemial potential as a funtion of ǫw. The solid lines orrespond to wall potential VSR and
the dotted lines to wall potential V
LR
. The remaining parameters are the same as in gure 3.
inreasing funtions of µ up to the value µ = µ
sat
where the lm thikness diverges. Indeed, for that
value of the hemial potential, the gas is saturated so that the liquid lm at the interfae solid/gas
grows until it reahes a marosopi size.
However, there exists a range of values of ǫ
w
for whih the urves have a S-shaped form. This is the
signature of a phase transition with respet to the lm thikness. Thanks to a Maxwell onstrution,
the value µ
oex
at whih the transition ours an be omputed and its evolution as a funtion of ǫ
w
is
pitured in gure 2 (right side). The intersetion of this urve with the horizontal axis orresponds to
the transition from a partial wetting situation (left) to a omplete wetting one (right).
The loal struture of the uid density in the transition area between two lm thiknesses for µ = µ
oex
an be investigated by performing two-dimensional omputations. In these ases, the values of the lm
thikness, imposed at eah boundary of the domain, are the two solutions of the one-dimensional
problem for a given temperature T and a hemial potential µ = µ
oex
(T ). The result obtained in the




are depited in gures 4 and 5 respetively.
We rst observe that for both short and long range attrative wall potentials, the density prole evolves
smoothly between the two boundary values. The spatial extension of the transition zone is of order of
10d. It is one order larger than the spatial extension of the transition liquid-gas for similar onditions
as shown in gure 2 (left side). Regarding the inuene of the short/long range nature of the wall
potential, important dierenes our on how the transition onnets the two at lms. In the short
range ase, the transition is rather steep (ase of gure 4). In partiular, in the triple line area, the
angle between the liquid/gas interfae and the wall surfae is large (lose to 90 degrees). In ontrast,
the long range wall potential in the seond ase tends to smooth out the transition area (ase of gure
5). Its spatial extension is muh larger than in the previous ase and the angle between interfaes in
the triple line area is smaller.
6 Conlusion
Using density fontional theory, we have examined the struture of a uid in ontat with a planar
substrate near the solid/uid interfae. Numerial solutions orresponding to the spatial evolution of
the uid density near the substrate have been onstruted in 1D and 2D problems. Bifuration diagrams
showing the dependane of the adsorbed lm thikness on the hemial potential have been obtained.



































Fig. 3  Left  Bifuration diagram for Γ as a funtion of δµ ≡ µ− µ
sat





= 0 and σ
w
= 1.25 d. The temperature is T = 0.7T

and the dividing








varies from 3.4 (left urve) to 1.2 (right urve)
in steps of 0.1. Right  Bifuration diagram for Γ as a funtion of δµ ≡ µ − µ
sat
, for the attrative




= 0 and σ
w
= 1.25 d. The temperature is T = 0.7T

and








varies from 3.0 (left urve) to 0.8
(right urve) in steps of 0.1.
transition between two lm thiknesses is observed. The 2D proles allow for a lose inspetion of
the transition zone between the two equilibrium lm thiknesses at oexistene. The transition zone
between these two lm thiknesses has then been investigated for several types of wall potentials. In
partiular, the short/long range nature of the wall potential has a strong inuene on the shape of the
density prole in the transition zone. In the former ase, the transition is steep with angles between
solid/gas and liquid/gas interfaes lose to 90 degrees. In the latter ase, the transition is smoother
and its spatial extension muh larger.
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Fig. 4  Equilibrium density prole between two equilibrium lm thiknesses for the short-range wall
potential V
SR
given by equation (7). The temperature is T = 0.7T

and the hemial potential is
µ = µ
oex






= 1.25 d and z
w
= 0. The shade values provided to





















Fig. 5  Equilibrium density prole between two equilibrium lm thiknesses for the long-range wall
potential V
LJ
given by equation (9). The temperature is T = 0.7T

and the hemial potential is
µ = µ
oex






= 1.25 d and z
w
= 0. The shade values provided to
the right of the gure orrespond to the level values of nd3.
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